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Abstract—Second-order effects in the propagation of elastic waves through homogeneous isotropic media are
considered. The jump conditions governing second-order quantities at wave fronts where the first-order displace-
ments have discontinuous derivatives are derived, and it is seen that a consistent theory requires the second-
order displacements to be discontinuous at such wave fronts, in general. The results are illustrated by some one-
dimensional examples involving plane and spherical waves.

1. INTRODUCTION

THE PAPER considers second-order effects arising in the propagation of elastic waves
through a homogeneous isotropic medium under the assumption that for some interval
of time all field quantities admit expansions in a small parameter ¢ representing the
magnitude of the deformation. The governing equations for the second-order displace-
ments are given in Section 3 and they are of the same form as those of the classical theory
of elasticity but they contain inhomogeneous terms which arise from the first-order or
infinitesimal displacements. A simple one-dimensional example is given in Section 5 in
order to illustrate the occurrence of resonance in the second-order effects. The example
also serves to illustrate the limiting form of the second-order solution for a sequence of
first-order displacements which approach a field with a sharp wave front. The main
portion of the paper, Section 6, discusses the second-order displacements associated with
first-order displacements produced by waves with sharp fronts across which derivatives
of the first-order displacements are discontinuous. It is shown that a theory consistent
with the second-order field equations requires the second-order displacements to be
discontinuous in general across such sharp wave fronts. The relations connecting the
discontinuities in the second-order displacements with the discontinuities in the first
derivatives of the classical displacements are determined from the governing differential
equations by means of an integration and a limiting process. A direct derivation of these
second-order jump relations from the exact (non-linear) conditions of mass and momen-
tum balance across a wave front (see [1], for example) does not appear to be possible in
a simple way, because the location and speed of the actual wave front are dependent on
¢ but the second-order quantities (i.e. the coefficients of &2 in the expansions) are assumed
to be independent of ¢. Thus the perturbation method used here provides the same con-
stant wave speeds for the second-order displacements as for the first-order displacements.

* The results presented in this paper were obtained in the course of research sponsored by the National
Science Foundation.
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An alternative method has been given by Davison [2] for one-dimensional wave propaga-
tion in which a correction is made to the wave speed for the second-order terms. Exact
treatments of finite amplitude, one-dimensional, elastic waves may be found in [2] and
in [3], where additional references are available.

2. BASIC EQUATIONS

We consider a homogeneous elastic body which is isotropic in its undeformed state.
At time ¢ = 0, the initial time, the body is undeformed and the coordinates of a typical
point referred to a fixed rectangular Cartesian coordinate system x are denoted by X;,
where Latin indices take the values 1, 2, and 3. Subsequently the body is deformed and the
coordinates of a typical point in the system x at time t are denoted by x;. We can use
either the particle coordinates X; or the spatial coordinates x; together with the time ¢ as
independent variables, although the analysis presented in this paper employs, for the
most part, x; and ¢ as free variables.

The components of the displacement vector at time ¢ will be denoted by either U(X;, t)
or ufx;,t). Our notation for gradients and time derivatives is:

_ an(Xm’ t) U _ aUl'(Xj’ t)

Vs YT
u _ aui(xm’ t) u _ 0ui(xj, t)
iLj = axj > i = —‘——"—at .

The stress components referred to the coordinate system x and measured per unit
area of the deformed body are written as X;(X,,, t) or 6,{(x,,, t).
The equations of motion in the absence of body forces are

0o; .
i = ot 2.1
axj p 1 ( )

where p is the density of the deformed body, and a repeated index implies summation
over the values 1, 2, and 3.
Conservation of mass yields

Po = PT, 2.2)
where p, is the density of the undeformed body and
T = det((s”‘{" Ui,j) = {det(éu—' ui,j)} - 1. (2.3)

If the strain energy per unit volume of the undeformed body is denoted by Z(U, ),
then stress and strain energy are connected in a compressible material by the equation

1 oz
X = (3, ) i .
X8 = 2Ot Uil 5y ey
and for an incompressible material by the equation
(1)
2ij(‘Xma t) = (5jm+ Uj,m)m_naiﬂ (25)

where I1(X;, t) = n(x;, t) represents the hydrostatic pressure term.
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For our purposes, we require the most general form of the strain-energy function for
an isotropic material if terms of order higher than the third in the displacement gradients
are neglected, linear terms being omitted because the stresses are assumed to be zero in
the undeformed state. Consequently, in a compressible material the second-order in-
complete form for T is used (see [4], for example), while the corresponding expression
in an incompressible medium is given by the Mooney form [5].

The field equations for the displacements can now be found by substituting the
appropriate form for X into (2.4) or (2.5) and then putting the resulting expressions for the
stresses into the equations of motion (2.1). For an incompressible material p = p,, so
that in addition we have the equation 7 = 1. In deriving these field equations, we can
ignore consistently all terms of the third order and higher in the displacements and their
derivatives, because we are concerned only with second-order effects here.

3. SECOND-ORDER EFFECTS

A basic assumption of the method of successive approximations (see [6], for example)
is that the displacements can be expanded as absolutely convergent power series in a real
parameter &, the series being twice differentiable term by term. The validity of such a
procedure for elastic equilibrium problems has been justified under certain assumptions
(see [7,8]), but a corresponding justification is lacking for dynamical problems. It is
clear that, in general, the series expansions will converge in the dynamical case for only
a limited range of time, say 0 <t < t,.

Since we wish to obtain second-order effects in elastodynamics, we will assume that
the displacements can be represented by expansions in terms of ¢ of the form

UdX;,t) = eV(X;, )+ 2V (X, 1)+ o(e?),

3.1
ulx;,t) = evlx;, 1) +&2vilx;, 1)+ ole?),

these expansions being valid for sufficiently small ¢, for relevant ranges of the coordinates,
and for an interval of time 0 < ¢ < ¢t,. In a particular case, it would seem that the smaller
the parameter ¢, the larger the time interval for which the second order theory will give
useful results. Implicit in (3.1), but made explicit here, is the fact that the first-order
displacements, V; or v;, and the second-order displacements, V; or v}, are independent
of &. We further assume that the first and second derivatives of U; and u; can be obtained
directly by differentiating (3.1), the error still remaining o(e?).

Under these assumptions, the stress—displacement gradient relations for a compressible
material show that the stress components also have expansions in powers of ¢ and we
write

(X t) = 6T (X, )+ Tif X, 1) +0(7),

(3.2)
ai](xm, t) = Btij(xm9 t)+82t:'j(xm’ t)+0(£2)-

For an incompressible material, we assume in addition that the hydrostatic pressure has
the expansions
H(Xi’ t) = 8P(Xis t)+82P/(Xi’ t)+0(82)’ (3 3)
mxi, 1) = ep(x;, ) +2p'(x;, 1)+ 0(e), '
these expansions being differentiable once term by term. As with the displacements, the

first-order stress components T;; or ¢;;, the second-order stress components T'; or tj;, the
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first-order hydrostatic pressure P or p, and the second-order hydrostatic pressure P’
or p’ are all independent of «.

The equations governing first- and second-order quantities are found by substituting
into the basic field equations the appropriate expansions in &, collecting terms, and equat-
ing to zero, separately, the coefficients of ¢ and &*. Clearly this approach is possible only
because, as previously stated, the first- and second-order quantities involved are independ-
ent of &

For a compressible material, the classical (or first-order) equations thus obtained are

;= (€ = 5®)Vmmi T+ Vs> (3.4)
ti; = polc’— 252)Um,m5ij + ,0052(1),',,- +v;.:), (3.5)
while the second-order field equations are
Podi = Polc® = 52)0rm it P05V, — 2P 0VmDim
+2(as — a1) (Vi n0n,mm + On,iVn,mm)
+2(a; +4a; —2a3—as)(VmnVmni t Vn,iOm,mn)
+4(ay+2a; — a3 — as)0p Vi nn 36)
+2(2a,+8a; —2a3— a5 pln mi
+4(as—2a,)0m Vi mn
—2as+2a3)V; WOn.mn

+ 4(503 + 12(14 + aS)vn,nvm,mi
and

t;J == po(cz - Zsz)v;,,,m(sij + pOSZ(UE,j + U},i)
+2(as—a1)0m,Vm,;j
+2(as —2a,)(0; U, j+ 0j,n0n,i T Vi ajin
+2ay+2a;, — a3 —as)v, Wmndi; (3.7
+2(3a,+4a; —2a3—2a5)(v; ;+ 0 Y m
—4ay+2a;, —3a3—6a,— as)Vy, Vs i
+2Q2a; +4a; — a3 —as)Vp nUn m0ij»
where our notation for derivatives of v; (or V) and v} (or V) follows that of the previous

section for the derivatives of u; (or U). In equations (3.4)(3.7), ¢ and s are the classical
wave speeds, a,, a,, as, d,, ds are material constants, and

poc? = 8a, = A+2u,  pos? = —2a; = p,

where 4 and p are Lamé’s constants.
For an incompressible medium, the classical field equations are

op
ox;’

» . 2
Pol; = PoS "V mm —

(3.8)
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tij = — PO+ pos*(v, 415, (3.9
v =0, (3.10)
and the second-order relations are
aop’ op
¥ = pasv; m— U
Pol; pO i,mi axi z,maxm

- 2p01}nﬁi,n + 4C 1vm,nvi,mn

+2C(Vmnlpmi + VoD mi (3.11)

- Ui,mvm,nn - Um,ivm,nn),
' 7 20,7 ’
tij = — PO+ pos*(v;j+0j)

+ 2C2(Um,nvn,m + vm,nvm,n)aij

3.12
+2C (Vi jm+ Vi nln j TV inUn.i) ( )

—2C0,0

mJ>
U;c,k = —%Um,nvn,m, (313)
where C; and C, are material constants and
pOSZ = 2(C1 + Cz)

Finally, if we expand U(X;,t) and ux;,t) in Taylor series about the points (x;, )
and (X, t) respectively and use expansions (3.1), we obtain the following relations between
the first- and second-order displacement functions of (X, t) and the corresponding dis-
placement functions of (x;, t):

Vg, t) = v({;, 1), (3.14)

61/1({] N t) avi((ja t)

Vi, )—vil;, 1) = Ol %

Vellas 1) =

Ulns 1)y (3.15)

m

where {; is either X; or x;.

4. GENERAL SOLUTIONS

The first-order and the second-order equations of motion for a compressible material,
(3.4) and (3.6), are of the form
20. 62 2N.
20 (a2 PO o PO _
ot 0Xp0x;  0Xp0%y
where the functions Q(x;, t) are to be determined and K(x;, t) are known. Equation (4.1)
also has the vector representation
*Q
ot*

where Q is the vector with components Q;, K is the vector with components K, V is the
gradient operator and V? the Laplacian operator. In these equations, Q, stands for either

i @

—(?=sHV(V-Q)—5*V2Q =K, 4.2)
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the first-order or the second-order displacements. The inhomogeneous factors K; are
zero for the first-order equations and are assumed to be known for the second-order
equations, since the classical results are usually completely determined before the second-
order effects are sought.

Under appropriate conditions, the Helmholtz decomposition theorem shows that

there exist functions k(x;, t) and K*(x;, t) such that
K = Vk+VxK*,
4.3)
V:K*=0.

By a straightforward extension of the proof for the case with K = 0 (see [9]), we arrive at
the result that, under suitable regularity conditions, any solution of (4.2) can be written as

Q = Vqg+VxQ*, 4.4
where g and Q* satisfy the equations
62
Et—g—cszq =k,
20)*
%?T—SZVZQ* = K*, (4_5)
V-Q* = 0.

For the incompressible medium, we note that if we define a modified second-order
displacement w; by
w; = U:'+%vnvi,n’ (46)
the incompressibility condition (3.13) on the second-order displacements becomes
w;; = 0. 4.7)

Thus, both the first-order and the second-order field equations for an incompressible
material can be written in the form

62

—ét—?fsszQ+VM =K, 4.8)

vV-Q=0 4.9)

As before K is known, and Q and M are to be determined.
The following result can then be shown to hold (see [10]}): Under suitable regularity
conditions, any solution Q, M of equations (4.8) and (4.9) can be written in the form

d*q
Q=Vq+VxQ*, M=k-—5, (4.10)
where g and Q* obey the relations
Vig =0, V-Q* =0,
20)*

with k and K* as in (4.3).

t A subsequent derivation may be found in {11] for the case K = 0.
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5. ONE-DIMENSIONAL EXAMPLES

As we have seen in the two preceding sections, the second-order displacements satisfy
equations which are identical in form with those for the infinitesimal motion of an elastic
medium under the action of (known) body forces varying in space and time. In our case,
however, the body forces or inhomogeneous elements are themselves derived from
solutions to these same equations with zero body force. In certain instances, as discussed
previously by several authors (see [12-15]), the body force terms may be such that reson-
ance occurs in the second-order effects, and the amplitude of the second-order disturbance
can increase indefinitely with time. In this section, we discuss results for some simple one-
dimensional problems in order to illustrate the nature of second-order solutions.

For one-dimensional displacement fields, we assume that the first- and second-order
quantities defined in Section 3 are functions of X, and t only, or of x, and ¢ only, depend-
ing upon whether particle or spatial coordinates are used. For the remainder of this section,
we shall use (X, t) as independent variables, but the analysis would proceed similarly
with (x,, t) as independent variables. The field equations for V(X ;, ) and V(X ,t) can be
obtained from those for v(x;,t) and vi(x;,t) in Section 3 by using the relations (3.14),
(3.15).

Our first example is concerned with a semi-infinite medium of comoressible material
occupying the region X, > 0. The body is at rest and is undeformed at time ¢ = 0 and
subsequently a normal pressure of known amount eP(t) is applied to the surface X, = 0,
the body being undeformed at points at infinity in the positive X ;-direction. We assume
that the ensuing motion is one-dimensional with no displacement perpendicular to the
X ,-direction so that

Vo=Va=V,=V;=0. (5.1)

The infinitesimal theory has for this problem the solution
]
pocV, = j P(t)dt, (52)
0

in which é = t— X ,/c and in which P(t) is assumed to be zero for negative values of its
argument. The displacement V; is then zero for X, > ct, as would be expected.
The solution for the second-order displacement is given by

65X
PV, = 6I$F(5)——%—1 P%($) for 0< X, <ct,
1=0 for X, >ct, (53)
where F(0) is defined by
8
FQ) =| Pe)dr, (5.4)
(1]
and
B = (ay+2a,). (5.5)

If P(t) is continuous for all times, the first-order displacement ¥, and its first derivatives
are continuous everywhere, including the front X, = ct of the disturbance. The second-
order displacement V' is also continuous. Perhaps the most striking feature of the solution
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is the presence of the second term on the right-hand side of equation (5.3),

_—h6ﬁc)( LP%(3). (5.6)

This term represents a wave moving with speed ¢ and we see that the amplitude of this
wave increases linearly with distance traveled and therefore linearly with time.

The solution for the case where the applied pressure at the surface X; = 0 is a dis-
continuous function of time can be obtained by taking the limit of the solutions for a
sequence of appropriate continuous pressure distributions. If P(t) has finite jumps at
t =ty ty,..., then the continuous first-order displacement has discontinuities in its
first derivatives at the locations X; = c(t—t,), c(t—t,),.... The second-order displace-
ment V', however, is itself discontinuous at these locations. In practice it is unlikely that
discontinuous pressures can be applied to the surface of a body, but the theoretical solution
for discontinuous P(z) is nevertheless of interest since it does indicate the kind of results
to expect when a continuous pressure varies rapidly. A more detailed discussion of the
case when the first-order displacements have sharp wave fronts is given in the next section.

We may similarly treat the second-order effects associated with a classical shear
wave having continuous displacement components [10], zero initial conditions and zero
boundary conditions being applied to the second-order quantities. For a compressible
material, we find that a second-order dilatational wave is produced but that the second-
order displacement remains continuous, even if the classical displacement has discontinu-
ous first derivatives. In an incompressible medium, the inhomogeneous terms of the
second-order field equations are zero for this case so that all second-order quantities are
found to be identically zero.

6. JUMP CONDITIONS AT A SURFACE OF DISCONTINUITY

In Section 3, the equations of motion for first- and second-order displacements were
obtained under the implicit assumption that their second derivatives with respect to
space and time existed. According to the classical theory, however, (see [16], for example)
there can be, in the material, moving surfaces across which certain first derivatives of the
displacements v; are discontinuous and where, therefore, second derivatives do not exist.
Specifically, at a surface moving with the dilatational wave speed ¢, the normal com-
ponent of the displacement vector may have discontinuities in its normal derivative and
in its time derivative, while for a surface moving with the shear wave speed s, the normal
and time derivatives of a tangential component can be discontinuous. Although waves
with such sharp fronts are unlikely to occur in a real material, the theory is still of value
because it does give a good approximation of the actual situation where the displace-
ments vary rapidly across a narrow moving zone. A solution with discontinuous deriva-
tives may thus be considered as the limiting form of a sequence of solutions with continuous
derivatives.

When the first-order displacements have continuous first and second derivatives, the
equations for the second-order displacements are identical in form with those of the
classical theory involving finite body force terms. If we now consider a sequence of first-
order displacements which tends to a limiting displacement field with discontinuous
first derivatives, the second-order displacements are, in the limit, similar in form to those
for the classical elastic body under the action of concentrated forces spread over a moving
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surface. Now, if concentrated forces act over a surface moving with a velocity which is
not ¢ or s, the infinitesimal theory of elasticity yields displacements which are continuous
across the surface, but which may have discontinuous derivatives in the normal direction
as well as discontinuous time derivatives at the surface. If, however, the concentrated
surface forces are moving with one of the wave speeds, it is no longer possible, in general,
to find a solution in which the displacement is continuous across the moving surface
where the force is applied, because such a surface, in four-dimensional x-t space, then
coincides with a characteristic surface for the equations.

Thus when the first-order solution involves a sharp dilatational wave front moving
with velocity ¢, the concentrated force is applied at a moving surface on which we cannot
specify in advance the normal derivative of the normal component of displacement. In the
solution for the second-order displacements, therefore, the normal component is in general
discontinuous at the moving surface and the tangential components are continuous,
but with discontinuous normal and time derivatives there. On the other hand, when the
the first-order solution has discontinuous derivatives associated with the propagation
of a shear wave (speed s), the tangential components of the second-order displacements
are generally discontinuous across the moving surface, while the normal displacement is
continuous with discontinuities in its normal and time derivatives.

A similar situation is that of the vibrating string acted upon by a moving concentrated
transverse load. When the load has a speed equal to the wave speed, we cannot obtain,
within the framework of the linearized theory, a solution for which the displacement of
the string remains continuous at the point of application of the load. If a solution is found
for a load speed different from the wave speed, the limiting form of the solution, as the
speed of the load approaches the wave speed, is found to involve a discontinuous deflection
of the string.

In this section, we use a limiting process to derive conditions on the discontinuities
in the second-order displacements and their derivatives across surfaces on which the
first-order displacements are continuous, but have discontinuous derivatives. Such a
surface at which the first-order displacements have discontinuities in their derivatives is
denoted by S, Fig. 1(a), and we suppose that it is moving with speed k into region 2 from
region 1, the constant k being ¢ or s for a compressible material and s for an incompressible
material. We designate by P, a typical point on S at time ¢, with coordinates x?. The
unit normal to the surface S at P, is taken to be directed into region 2, that is in the direc-
tion of propagation of the surface, and is denoted by n, with components n;, while two
unit tangents there are denoted by u and v, with components u; and v;, where n, u, and v
form a right-handed orthogonal triad. - N

Jumps in value of quantities at the point P, on S will be indicated by the notation

[9] = 0*-Q".
where a superscript 1 or 2 means here the limiting value of a quantity as the surface is
approached from region 1 or 2 respectively.

The first-order or classical displacements v; are continuous across S, so that [v;] = 0
there. It then follows [16] that

[Bn;4 K, ;] = 0. (6.1)

The kinematical conditions (6.1) express the continuity of the spatial derivatives of v,
in directions tangential to the surface S, as well as the relations between the normal
derivative of the displacement and its time derivative.



614 A. D. FINE and R. T. SHIELD

it E

Ed

(X)) Xz, X3 )

. ®@
3 K
0] e (a)
X2
X s
t
X3

X, {b)

F1G. 1. Surface of discontinuity S in (a) three-dimensional (x;) space and (b) four-dimensional (x;, t) space.

If k = ¢, which is possible only in a compressible material, the tangential components
of the first-order displacement have continuous space and time derivatives, but the same
does not necessarily apply for the normal component so that we have

[o:] = ['3jnj]”i = jphi» 6.2)

where j, = [0,n,] 1s a measure of the strength of the dilational discontinuity. The tangential
components of the second-order displacement also are continuous, so that we have

[Bip+ cvi jumy] = 0, 63)
[Dwi+cv yin;] = 0.
In addition, the continuity of the tangential components implies continuity of their
derivatives in the tangential directions and we find
[oi ] = [ uw;) = 0,

[”:',jvi#j] = [U;,}Vi"j] = 0.

(6.4)

For a shearing discontinuity, x = s, the only discontinuities in derivatives occur in the
normal and time derivatives of a tangential component of the first-order displacement.
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Thus in this case [#;n,] = 0 and we write
(6] = [ﬁjuj]#i = Jstis (6.5)
where jg = [;;] measures the strength of the jump and where u lies in the direction of the
tangential compgonent with the discontinuous derivatives. The second-order displacement
has a continuous normal component and this gives
[0in;+sv; jnin;] = 0,

, , (6.6)

(v, s} = [}, i) = 0.
For an incompressible material, only shear waves are possible, and, in addition to (6.5),
we have

(p] = 0. (6.7)
The second-order equations of motion (3.6) for a compressible material can be written
in the following form:

, , o ..
pob; = polc®— Sz)Uj,ﬁ + poszvi,jj_ Poa7 (@5,

dsj; d (6.8)

+ ox - Poa (ﬁrvi,r - ﬁivr,r),

J
where the quantities sj; stand for the terms quadratic in v; on the right-hand side of
equations (3.7). We now integrate equations (6.8) throughout a cylinder in four-dimensional
(x;, t) space, Fig. 1(b). By repeated use of the divergence theorem, each of the volume
integrals arising from the various terms in (6.8) is transformed into a surface integral over
the ends E or over the curved surface C of the cylinder. In this process, care is taken to
transform all of the volume integrals with integrands involving derivatives normal to the
surface S (in x;t space) into integrals over the ends E. We then consider a sequence of
smooth first-order displacements which approaches a displacement field v; with possibly
discontinuous, but finite, first derivatives at the surface S. The sequence of second-order
displacements then approaches a field v; which is finite but possibly discontinuous across S.

Finally, we divide the resulting equation by the area of the ends E and take the limit
as the cylinder is shrunk down to the point P, in such a way that the ratio of the area
of the curved surface C to the area of the ends E goes to zero as the volume of the cylinder
goes to zero. As a result of this analysis we obtain the following second-order jump
conditions (momentum balance):

Polic? + %) [0+ xcvj jn;]
+ po(c? = s [Fn;— Kvjy jnjin;
+2pok{Kt;+ 570} jn;]+ 2ksijn ] 6.9)
+2pok(c? — s?)[v) n;+vn;]
+2pok[Kd;v; ;— 0,00, —Kkv; ;] = 0.
These equations, together with the appropriate continuity conditions, (6.3) and (6.4) for

Kk = c and (6.6) for ¥ = s, provide the information needed across a characteristic surface
for a properly set problem. We see from (6.9) that the second-order displacement v; is in
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general discontinuous across S, as expected, because the quantity

d - s 4
&[Uﬂ = [0+ xv jn;]

represents the rate of change of the jump in v as seen by an observer at P, moving in the
normal direction with the surface S.

The implications of these results may be seen more clearly if we take a special coor-
dinate system in x;,-space for which at time ¢,

n=(1,0,0), p=(010), v=(001). (6.10)

Thus, at P, the wave front is traveling in the x,-direction. If ¥ = ¢, ¥, and v, ; are
discontinuous. The jump conditions on v; may then be written

[13§+CU'2.1} = [13(3'*‘0”'3,1] =0,

t i 4 # (6-1 1)
[02‘2] = [vh3] = [v5.] =[v53] =0,
and
2/)0‘32% [01] = 2pocipb,

+4(al +202+4a3+ 1204»0(02’2+U3’3) (612)

+8(5a,+6a4)jpd1, 1

poclc® — sH) vy, — v 1] = 4(2a; — a3)jpvy 2 — 2@, +2a3)ipvs 1,

(6.13)

poc(c? —sP)[vy,3— vy ] = 4(2a; — az)jpvy,3 —2(a, +2a3)jpvs 1,

where § = Q'+ Q2.

Now v is continuous in the undeformed state (at t = 0) so that [v}] is initially zero.
The value of [v}] at later times can therefore be determined from (6.12), and this value
can then be substituted into equations (6.13) to give [v, ] and [v} ;]. From (6.11), we can
solve for [0, ] and [05]. Thus, the jump conditions serve to determine the jump in the normal
component, vy in this case, and the jump in the first derivatives of the continuous tan-
gential components, 5 and vy here. This information is precisely that which must be
provided, in a properly set problem, on a characteristic surface of the dilatational type,
in order to be able to proceed with the determination of the solution v} on one side of the
surface when the solution is known on the other side.

In the same way, when x = s (see [10]), the jump conditions (6.9) together with (6.6)
provide the jumps in the tangential components of the displacement and the jumps in the
first derivatives of the continuous normal component.

For an incompressible material (x = s), an analogous limiting process can be done for
equation (3.11) (see [10]), and if the resulting expressions are resolved in the normal and
tangential directions, we obtain

[p]=0, (6.14)

d .. .
2?0325 [vi] = zﬂesfsvini‘*'4C1]svi,j”inj"4C21’s,jﬂiﬂjs (6.15)

d
2/’052& o] = —2Cyjs(vs v+ Vitk) (6.16)
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In addition, the incompressibility equation (3.13) and equations (6.1), (6.5) yield

sl = Jsvi ;- 6.17)
(It may be noted that integrating (3.13) throughout the cylindrical region of Fig. 1(b}
leads to the continuity of the normal displacement component, as previously assumed.)
Equations (6.14)6.17) together with (6.6) then form the relations needed on the charac-
teristic surface for this case.

The discontinuities in the second-order displacements at a sharp wave front are a
consequence of the assumption, in the expansions (3.1), that the displacements v;, v} and
V;, V:are independent of the parameter ¢. According to the non-linear theory, a disturbance
with a sharp wave front propagates with a velocity which depends upon the strength of the
disturbance, in contrast to the constant wave speeds for infinitesimal theory. Thus, the
location of the actual surface across which the displacements have discontinuous deriva-
tives depends upon &, and it is not possible to choose v; and v; (or ¥, and V) so as to satisfy
jump conditions across the actual surface because they are independent of ¢. Indeed, they
can obey jump relations only across a first approximation to the actual surface, a surface S
moving with speed ¢ or s. The result of this property of the second-order theory is to
provide displacements which are in error by amounts of the order of &? in a zone whose
width is of the order of ¢ moving with the surface of discontinuity. Elsewhere, the error
is o(e?) as indicated in (3.1).

To illustrate our analysis of discontinuities in second-order displacements, we con-
sider a simple one-dimensional exact solution to the equations of motion:

u, = —eg(x;—ovt) for x; < ut,
u; =0 for x, = ut, (6.18)
uz = u3 = 0,

where v is the constant exact speed of the actual wave front. If we now seek the first-
and second-order results corresponding to this exact solution, we substitute expansions
(3.1) into (6.18); but because first- and second-order quantities must be independent of ¢,
the actual surface of discontinuity, x; = vt, must be approximated by the surface S, here
x, = ct, moving with the classical wave speed ¢. The actual speed v will differ from ¢
by a term of the order of ¢ and we therefore write

v = c+ec’ +ole?).

The successive approximation results are then given by

vlx, ) = —(x;—ct) for x, <ct,

vy(x,8) =0 for x, > ct,
and

vy(xy, t) = C't for x, < ct,

vi(x,8) =0 for x,; > ct.

We notice that unless ¢’ = 0, vj(x,,1) is indeed discontinuous at x; = ¢t and that the
amount of the discontinuity depends directly upon (v — ¢)t and therefore upon the distance
between the approximating and the actual surface of discontinuity. From the second-
order jump conditions obtained in this section, ¢’ is found to take the value —6f/pqc,
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and this is in agreement with the value for v obtainable from the exact momentum jump
conditions (see [1], for example).

7. A SPHERICAL WAVE EXAMPLE

As a final example, we consider a compressible medium for which the deformation
has complete spherical symmetry. All quantities are measured with respect to a fixed
Cartesian coordinate system x, whose origin coincides with the center of symmetry;
and all quantities therefore are functions only of time ¢t and of distance from the origin.
We designate the radial displacement by U(R,t), with time ¢ and R, the radial distance
of a particle in the undeformed state, taken as independent variables. The appropriate
equations of motions and stress—displacement gradient relations, exact through the
second order in U, then may be derived either from the general theory as given in [17],
or by transformation of the Cartesian forms of Section 2.

As before, we assume that the displacement U has an expansion in ¢ of the form

U(R,t). = eV(R, 1)+ *V'(R, t) +o(e?). (7.1)

By using this expansion in the field equations for U, we can obtain both the classical and
second-order field equations.

From the analysis of the previous section, jump conditions can be deduced. In this
case, the appropriate surfaces are spherical ones centered at the origin. We omit here the
details of the derivation (see [10]), but it is found for a spherical surface S extending out-
wards with velocity c, the jump conditions on V and V' are

[V+cVi] =0, : (1.2)
200c[V' +cVi] = —12B[(Ve)*]—8(ay +2a,+4a3 +12a,)[V Ve/R], (7.3)
where
p_ VR _ V(R
- R™ 9R

with similar definitions for ¥’ and V%, and where S is given by (5.5).

We now consider an infinite body with a spherical cavity of initial radius a. The body
is undeformed until the time t = 0, when a pressure of amount ¢P(t) is applied to the
cavity. The function P(t) is continuous for t > 0, but not necessarily equal to zero at
t = 0; in addition, the body remains undisturbed at infinity, with no ingoing waves from
infinity. We then deduce that no disturbance occurs in the region R > a+ct, so that V
and V' are zero there. It is then a straightforward matter to determine the classical dis-
placement V for the domain a < R < a+ct. From this solytion, we find that, if P(0) is
non-zero, the surface R = a+ct is a sharp wave front; and by integrating the jump
condition (7.3) and using the initial conditions, we arrive at the result that, as the surface
R = a+ct is approached from inside, ¥V’ tends to the value

—6pa*PX0)f1 1
Via+ct—0,t) = i%c6(){5—a+ct}. (7.4)

If we let time grow very large, V'(a+ ct —0,t) tends towards the constant value

—6BaP*(0)/p3cS.
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This contrasts with the results obtained for the one-dimensional dilational wave (5.3)

where ,
et—0,t) = -—{@I:—g))}ct.

PoC

In one case, a first-order disturbance of finite extent is spreading into an infinite region
and therefore decreasing in strength, while in the other case the disturbance propagates
without change of form. A similar analysis may be applied to the problem where P(t)
has a denumerable set of ordinary discontinuities for positive values of its argument.

The complete solution to the second-order field equations can be found in a fairly
straightforward manner (see [10]), but it is important to notice that condition (7.4) is
precisely that needed to determine the solution for V' in the region a < R < a+ct.
Thus, in the general second-order theory where displacements are not continuous across
wave fronts, jump conditions form an integral part of the field equations since they enable
us to continue the solution across the wave fronts.
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Résumé—Des effets de second ordre dans la propagation d’ondes élastiques par des milieux isotropes homogénes
sont considérés. Les conditions de discontinuité dirigeant des quantités de second ordre aux ondes enveloppantes
ol les déplacements de premier ordre ont des dérivatifs discontinus sont dérivés, et ils est constaté qu’une
théorie consistante requiert que les déplacements de second ordre soient discontinus i ces ondes enveloppantes,

en général. Les résultats sont illustrés par des exemples & une dimension mettant en cause des ondes planes et
sphériques.

Zusammenfassung—Wirkungen zweiter Ordnung in der Fortpflanzung von elastischen Wellen durch homo-
gene isotrope Medien werden betrachtet. Die Sprungbedingungen welche die Quantititen zweiter Ordnung
in den Wellenfronten bestimmen, in welchen die Verschiebungen erster Ordnung, unterbrochene Ableitungen
haben, werden abgeleitet und es wird festgestellt, dass eine einheitliche Theorie erfordert, dass die Verschie-
bungen zweiter Ordnung in solchen Wellenfronten im allgemeinen unterbrochen werden. Die Ergebnisse
werden mit einigen eindimensionalen Beispielen, welche ebene und sphirische Wellen einschliessen, illustriert.



620 A. D. FINE and R. T. SHIELD

A6crpakT—PaccmarpuBaiorces 3¢dheKThl BTOPOTO NOPsSAKa B PACNPOCTPAHEHHH 3JIACTHYHBIX BOJIH CKBO3b
TOMOTEHHYH) M3OTPOINHYIO Cpelly. BhIBENEHBI YCNOBHSI CKAyKa, PETYJIMPYIOLHE BEIMYMHLI BTOPOro MO-
psiKa y BOJIHOBBIX ()POHTOB, A€ CMELIEHHS MEPBOro NOpsAaKa obMadaloT Pa3pbiBHBIMH NPOU3BOAHBIMH
U BHAHO, YTO COBMecCTHMas Teopus TpebyeT B 06lleM cMeLIEeHHt BTOPOro nopanka, 4robbl GuITh pa3pei-
BHOM Y TakMX BOJIHOBBIX (POHTOB. Pe3ynbTaThl NOSCHAIOTCS HECKOJNBKUMH OINHOMEPHBIMH NIPUMEPAMH,
BKJIIOYaA IIOCKHE U CPepHYECKHE BOJIHBI.



